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Abstract: Define a discrete measure that attributes masses of size l/n at every zero of the polynomial of degree n, 
orthogonal with respect to some positive measure on the real line. The weak limit of this sequence of measures is 
studied by many authors. In this paper we give some results on the rate of this asymptotic behaviour, in particular the 
results show how the behaviour of the spectral measure, with respect to which the polynomials are orthogonal, affects 
this asymptotic zero behaviour. 
Keywords: Orthogonal polynomials, zeros of polynomials, asymptotics. 
1. Introduction 
Let(p,(x); n=O, 1,2,... ) be a sequence of polynomials, orthogonal with respect to a positive 
measure h on the real line: 
J p,(x)p,,,(x) d+) = 4,,,,, m, n 2 0. 
The distribution of the zeros of these polynomials is studied by means of a sequence of discrete 
measures (CL,; n = 1, 2,. . .) defined by 
r.({xj,.})=;, j=l,2 P..., n, 
pu,(A) = 0, A contains no zeros of p,(x) 
where x, n < x2 n < - - . < x,,, are the zeros of p,(x). Let us decompose the spectral measure as 
X = h, +‘x, + X’, where X, is absolutely continuous (with Radon-Nikodym derivative w(x)), X, 
is singular and X, is discrete having only mass points. It turns out that, as long as the behaviour 
of the absolutely continuous part is ‘regular’, the contribution of X, and X, has little effect on 
the zero behaviour. A well-known result of Erdos-Tur&r [2] states that if h is concentrated on 
[ - 1, l] and if W(X) > 0 almost everywhere (in Lebesgue sense) on [ - 1, l] then CL,, will converge 
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weakly to the measure p given by 
r(a)=&-&dl, A+l,l] 
(this is the so-called arcsin law). This limit is independent of the spectral measure X from as soon 
as the conditions above are fulfilled. As a consequence we have that under these conditions as 
n+oo 
whenever f is a bounded measurable function on [ - 1, l] so that the points of discontinuity form 
a set of Lebesgue measure zero. 
Our aim is to find asymptotic results on 
where a(n) is an increasing sequence of real numbers. In this paper we will frequently use the 
Stieltjes transform of a (not necessarily positive) measure, defined as 
s(y; x) =g+, xEC\R. 
An operation, closely connected to this transform, ;r, the Stieltjes convolution of two measures, 
which we will define as a Schwarz distribution given by 
j-f(x) dp AX(x) =//““,‘--;(‘) dp(x) dX(t) 
where f is an infinitely differentiable function with compact support. An important property of 
this operation is 
S(pAX; x) = S(p; x)S(h; x). 
2. Results for the regular case 
In our paper [7] we have supposed that the spectral measure h is concentrated on [ - 1, l] and 
that the Szegii condition is fulfilled: 
/ 
i log +) dx > 
-1 \II 
-cc. (2.1) 
By means of the asymptotic relation 
log[ w(t)-] & 
/1_ x--t 
we were able to prove the following result: 
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Theorem 1 (Van Assche-Teugels [7]). 1f W(X) satisfies the Szegii condition (2.1) and if log w(x) 
is of bounded variation on every closed interval in ( - 1, l), then put 
dy(x)=&mdlog(+);l -x2]. 
If y defines a real measure on [ - 1, l] then as n + 00 
(9 S(n[pLn -1~1; x) -+ Shh; 4 
uniform& on compact subsets of C \ [ - 1, 11, 
1 -+- 
2a2 
I1 j1 1/1 ‘(‘y)I;(‘) dy d log[ ,(t,/i?] 
-1 -1 \IIg 
whenever f is analytic in some open set containing [ - 1, 11. 
For Jacobi polynomials, w(x) = (1 - x)“(l + x)~(x E [ - 1, 11, (Y, j3 > - 1) we found that pAX 
is a measure given by 
p.lh~(--, xl = 
a+p+l 
2 d-m xl -~U(x-l)-~U(x+l) 
where U is the Heaviside function 
0 x<o, w=j19 
9 x > 0. 
The condition on f in (ii) can then be relaxed to f being continuous with a derivative that is 
absolutely integrable on [ - 1, 11. Therefore the appropriate sequence for the rate in the arcsin law 
is a(n) = n. 
Let us sketch the proof for a slightly more general case where the spectral measure X, apart 
from the Szegij condition (2.1), also has a finite number of mass points outside [ - 1, 11. 
Orthogonal polynomials always satisfy a recurrence formula of the type 
XP”W = an+lPn+l (x>+b,P,(x)+a,p,_,(x), n=0,1,2,... 
with pO = 1, p-l = 0 and a, > 0. If we suppose that 
2 n(ll-4ai)+21b,,l) <co, (2.2) 
n-1 
then the spectral measure X will be of the form X = Aa + X, where X, is an absolutely continuous 
measure that belongs to the Szegij class and X, is discrete with a finite number of mass points 
outside [ - 1, 11. Combining results of Case and Geronimo (31 and Nevai ([5], Chapter 7) we find 
that as n + 00, 
P”(X) 
(x+/xi)” 
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uniformly on compact subsets of 4: \ [ - 1, 11, where 
~~x~~~~~~zi~z~~~~~z~z~~~~~~~l~zz~~~ 
z=x-Lzi, zi’=xi- /z, 
and {xi; i=l,..., N } are the points outside [ - 1, l] where h, has positive mass. By taking 
derivatives in this asymptotic expression we obtain after calculations similar to those in [7] 
R’(x) 1 1 
/ 
1 !h - t* 
R(x)+&qT;; -* x-t 
d log[ w(t);1 - l*] 
and this holds uniformly on compact subsets of C \([ - 1, l] U {xi}). We have to avoid the mass 
points xi since p,,(x,) will tend to zero so that the left hand side is not bounded. The term on the 
left hand side is easily recognized as the Stieltjes transform on n( p,, - p). The second expression 
on the right hand side is the product of two Stieltjes transforms and therefore the Stieltjes 
transform of a Stieltjes convolution PAY where 
dy(t) =& \IId log[ w(r)-]. 
Some elementary algebra leads to 
R’(x)= 1 f&i = ; /FS(pAu,; x) 
Nx) Jx’_l i-1 x-xi i=t 
where yj( - cc, x] = U(x - xi) is a Dirac measure at xi. This leads 
(2.3) 
to the following result: 
Theorem 2. Suppose that condition (2.2) is fulfilled and that log w(t) is of bounded cariation on 
every closed interval in ( - 1, 1). If y in (2.3) is a real measure on [ - 1, l] then as n + CO, 
6) ~(&-C(l; 4 + 5 /-S( /.tAyj; x) + S(pAy; x) 
j-l 
uni$ormlyoncompactsubsetsof C\([-l,l]U{xi; i=l,...,N}) wherexi (i=l,....N) arethe 
mass points of the spectral measure X outside [ - 1, 11. yj is a Dirac measure at xj and y is given in 
(2.3), 
+ 1 l l f(t)--f(y) \I1 -y2 _ 
2a2 Jl -1 -1 
t-y /- dydlog[w(*)m] 
whenever f is analytic in some open set containing [a, b] with a = min(minjxj, - 1) and b = 
max(maxjxj, 1). 
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The second part of this theorem goes as follows: take a closed contour r that encircles the 
interval [a, b] and that is contained in the open set mentioned. Define the signed measure 
K” = 4/J” - CL), then by the theorems of Cauchy and Fubini 
Now let n tend to infinity (which causes no problems since r is compact) and use the first part 
of the theorem to obtain the result. 
3. Results for Pollaczek polynomials 
For the cases considered in Section 2 we found that the sequence a(n) = n gave the 
appropriate rate. We will now investigate what happens if the Szegii condition (2.1) is violated. 
The Pollaczek polynomials are well known to have a spectral measure that doesn’t satisfy (2.1) so 
that we get a good idea what happens by studying these polynomials. They are orthogonal with 
respect to an absolutely continuous measure with weight function 
w(x)=2exp i 
/ Ts(ax+b) / l+e~p\~$(a~+b) H )I , 
XE [-l,l], a>]bj. (3.1) 
It is easy to see that w(x) > 0 on (- 1, 1) so that the Erdos-Turan result is still valid. The 
asymptotics for the Pollaczek polynomials are 
(&(X)/(X + Fi)“)n-(ox+b)/2= 
(2Jx27-qx _ &T-q)+2+(~~+b)/2Jx’-l 
+ 
I+/2 + (ax + L5)/2Jxz) 
uniformly on compact subsets of C \[ - 1, l] [6, appendix]. We proceed as in the previous section 
and take derivatives of this relation to obtain 
uniformly on compact subsets of 4= \[ - 1, 11. The limit is equal to 
which is easy to recognize as the Stieltjes transform of a sum of two Stieltjes convolutions. This 
leads to 
Theorem 3. Let w(x) be the Pollaczek weight (3.1), then as n + 00, 
(8 S 
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uniformly on compact subsets of C \ [ - 1, 11. 
(ii) +& $/(xj,.J-“L/’ f(t) dt 
J-1 
logn n -i/g 
’ f(t)-f(-1) dt 
t+l 
whenever f is anafytic is some open set containing [ - 1, 11. 
The appropriate scaling now is a(n) = n/log n, which is increasing more slowly than n. The 
behaviour of the Pollaczek weight at + 1 is responsable for the fact that the Szego condition is 
not satisfied, this is very apparent from Theorem 3 since the limit in (i) depends heavily on the 
points +l. Notice that for a = b = 0 we obtain a better rate, which is to be expected because 
these correspond to Legendre polynomials. 
4. Results for Hermite polynomials 
The result of Erdos-Turan is not valid when we consider polynomials with a spectral measure 
that is concentrated on an infinite interval, such as the Hermite polynomials, which are 
orthogonal on (- co, 00). The zeros of such polynomials spread out over the whole interval and 
are, in some cases, dense on ( - co, cc). Therefore we should scale the zeros of such polynomials. 
For the Hermite polynomial of degree n it is known that the largest zero behaves like fi as 
n + 00 [6], which makes it natural to consider the normalized zeros yj,, = xjJfi, which are 
the zeros of p,,(fixt). Let us now define the contracted zero distribution by means of the 
following discrete measures: 
vn({yi,,})=l/n, j=l,&...,n, 
p,(A) = 0, if A contains no yj,,. 
It turns out that v, converges weakly to a measure v on [ - 1, 1] defined by 
v(A)= a/,/i?,,, A c [-l,l]. 
(this is the so-called semi circle law). A consequence of this will be that 
for every bounded measurable function on [ - 1, 11 having a set of discontinuity points of 
Lebesgue measure zero. We will prove this (known) result and give the exact rate of (4.1). There is 
a simple connection between the generalized Hermite polynomials H,‘“)(x), which are orthogonal 
on (- 00, co) with respect to the weight function 
w(x)=Jx~zae-xz, a> -4. (4-l) 
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and the Laguerre polynomials, namely [l, p. 1561 
IQ(x) = (- 1)“22”n!L~-“2’(x2), 
H&(x) = (-1)“22”+‘n!xL~+“2’(x2). 
The following asymptotic behaviour for the Laguerre polynomials is known as the 
Plancherel-Rota& type asymptotic formula outside the oscillatory region (6, Theorem 8.22.8 (b)] 
e-x/2~F)(x) = +( _ I>“(= sinh ~)-l’2X-~/2--1/4n~/2-1/4 
xexp{(n+$(a+ 1))(2+-sinh2+)}{1 +0(1/n)} 
where x = (4n + 2a + 2) cosh2+ (E Q C$ < w) and the O-term holds uniformly. Let us take n even, 
then straightforward algebra leads to an asymptotic expression for the generalized Hermite 
polynomials: for x > 1 
~~-“H~‘“‘(&I + 2a + 1 x) 
(fn)!(x + vKi)n(exp(x(x - G-1)))’ 
2-a (exp(x(x - &Ci)))a+1’2(x+ Jx2)1)“+1’2 
+EF x”( x2 - 1)“” 
A similar result has also been proven in [4] using a quite different method. We need that this 
result holds uniformly on compact subsets of C \[ - 1, 11, in order to prove this we use the 






= lrn (~~a)(x)/2~~~2ae-‘zdx 
--m 
> (2n + 2a+ 1)=+1’2 /-1,1 HA”)(\/2n + 2a + 1 x) 12(x (2a e-(2n+20+1)*2 dx 
>, (2n + 2a + l)a+1’2 71(1-~z]2)lII~‘)(~2n+2a+lx)z”121D,(z)/2, 
where z = x - /x2-1 and 
= (exp(x(x - dZi))}-(n+a+1’2)(~(~ - ljx2--1))a 
x(x + livz-_y2(x2- l)““, 
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which gives the bound 
(n+a+1/2) “2+“42-nHia)(J2n + 2a + 1 x) 
/m (x+ iZi)“(exp(x(x-- uX2-l)))n 
and the right hand side can be uniformly bounded if x is in an compact subset of C \[ - 1, 11. 
Now we know that the left hand side converges on a subset of C \[ - 1, l] with an accumulation 
point, from which the uniform convergence on compact subsets follows by Vitali’s theorem. A 
similar reasoning gives the same result for odd values of n. From now on we set p,,(x) = H,‘“‘(x), 
and because of the uniform convergence we may now differentiate the asymptotic relation to 
obtain 
il + 2a + 2n P,: (41 + 2a + 2n x) 
p,(dl + 2a + 2n x) 
1+2a +--- 
2 .+& -:- 
Now notice that 
S(Y; x) = 2/(x+ Lzi) 
so that we find the following 
,’ x+ x2-l 
1 x -- 
2 x2-1’ 
Theorem 4. For the zeros of the generalized Hermite polynomials with weight (4.1) 
(9 
for x E C\[-1, 11, where v, is 






j-l 2n+2a+l Tr J-1 
(’ f(t)mdt 
the contracted zero distribution at the points yj., = 
+ ya/:,f(t)_dt-af(O)- ${f(l)+f(-1)} 
whenever f is analytic in some open set containing [ - 1, 11. 
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